We consider scenario in which our (3 + 1)-dim universe is actually a dense stack of multiple parallel (2 + 1)-dim branes. For this purpose, we generalize the DGP model to a multi-brane case. We solve for the propagation of the scalar field and gravity in this setup. At short distances (high momenta) along the branes interactions follow the (2 + 1)-dim laws, while at large distances (low momenta) interactions follow the usual (3 + 1)-dim laws. This feature is inherited from the original DGP model. In the direction perpendicular to the brane, we show that interactions become (3 + 1)-dim at low momenta which are unable to resolve the interbrane separation. Thus, this is one of the explicit constructs of the "vanishing dimensions" scenario where high energy physics appears to be lower dimensional rather than higher dimensional.
I. INTRODUCTION
An idea that our universe might be higher dimensional on large cosmological scales was explored in the so-called Dvali-Gabadadze-Porrati (DGP) model [1] (see also cascading gravity in [2] [3] [4] [5] [6] [7] ). Basically, our universe can be represented by a brane embedded in a higher dimensional bulk. The fine tuning between the brane tension and cosmological constant in the bulk allows gravity to be (3+1)-dim on short distances (shorter than some cross-over scale) and (4+1)-dim on large distances.
On the other hand, there is a strong motivation to reduce the number of dimensions to less than 3 + 1 on ultra-short scales [8] [9] [10] [11] [12] [13] . An explicit extension of the DGP model to lower dimensions was constructed in [14] . However, obtaining a realistic model of our space-time which is lower dimensional at short scales is more involving than a simple extension of the DGP model. In particular it is not enough to have only one (2 + 1)-dim brane embedded in a (3 + 1)-dim bulk. In order to have a smooth (3 + 1)-dim universe in the infrared (IR), one needs a setup with a stack of (2 + 1)-dim branes, e.g. as shown in Fig. 1 . In this paper we concentrate on this scenario. We are trying to construct a (3 + 1)-dim a FIG. 1: The (3 + 1)-dim universe that we live in could be comprised of the stack of densely packed (2 + 1)-dim branes. If the inter-brane separation corresponds to the dimensional cross-over scale (a or smaller), our (3 + 1)-dim universe would appear smooth at energies smaller than 1/a. universe which on short scales appears to be (2 + 1)-dim, while on large distances we recover a usual (3 + 1)-dim behavior (in all directions, and not only along one direction like in simple generalizations of the DGP models).
II. FREE SCALAR FIELD ON THE STACK OF BRANES
We first consider a free scalar field φ on the non-trivial background represented by the stack of parallel branes as shown in Fig. 1 . The bulk space-time is (3 + 1)-dim with Cartesian coordinates (t, x, y, z). In this bulk, we have a stack of (2 + 1)-dim branes with coordinates (t, x, y), which are located at the points labeled by z = na. Here, n is an integer, while a is the distance between branes. The scalar field Lagrangian in this background is
where the Latin index i goes over the coordinates in the (2 + 1)-dim brane (t, x, y), while the Greek index µ goes over the coordinates in the whole (3 + 1)-dim space (t, x, y, z). M 3 is the tension on (2 + 1)-dim branes (they all have the same tension), while M 4 is the bulk cosmological constant in the full (3 + 1)-dim space. The scalar field equation of motion is
where
. Consider now a free particle solution in the following form
After substituting this ansatz into Eq. (2), one finds
Here,
y . This is the well known Dirac-Kronig-Penny model. According to Bloch's theorem, if the solution has translational symmetry, then it can be represented with a Bloch wave
The non-trivial solution is chosen in the first Brillouin zone, −π/a < Q < π/a, while ν is a periodic function in the z-direction, ν Q (z + a) = ν Q (z). Thus, a free scalar field can propagate in the bulk like a traveling wave except that the amplitude is given by a periodic function. In the next step, we will find the solution which is sourced by a unit source on the brane.
III. STATIC SCALAR FIELD SOURCED BY THE MATTER ON BRANE
In order to find a general solution for the scalar field generated by some source, we first have to find the solution sourced by a unit source. This solution will give us the basic properties like effective dimensionality of space-time. Then, if we want, by integration we can find a solution for an arbitrary source. Consider a unit matter source located at (x = 0, y = 0, z = 0). This source will generate a scalar field according to
We can write down the solution for φ in the form
where G(k x , k y , z) is an unknown function that needs to be determined from the equation of motion. Eq. (6) becomes
y . Throughout this paper, k will always represent momentum along the brane. If the scalar field is not on the brane, the equation is simply
In this case, the solution for G could be written as the combination of exp(kz) and exp(−kz). Therefore, we can write an equation representing G as
Here, j is an integer. On the z = 0 brane, the solution must satisfy
Here we imposed the discrete z 2 symmetry on z = 0 brane. For other branes, located at z = 0, the following boundary conditions must be satisfied
These equations can be written as
. In fact, r 0 represents the dimensional crossover scale along the brane, i.e. on distances shorter than r 0 the field propagates in a (2 + 1)-dim spacetime, while on distances larger than r 0 one recovers (3 + 1)-dim behavior. We can also rewrite these equations as
The eigenvalues of the matrix M are
with
Since
includes any component of the eigenvector that corresponds to λ 2 , it will become divergent as j → ∞. Therefore only eigenvector corresponding to λ 1 can be included in the matrix A 0 B 0 . Therefore, we can write
One can normalize the above matrix equation with Eq. (12) and find the normalization constant
We can now find the approximate solutions for the field φ on different branes
• On the z = 0 brane:
Since parameter a is the inter-brane distance, it is instructive to see what happens at much larger and much smaller scales. In the limit of k >> 1/a, i.e. large momenta capable of probing the inter-brane distance so that individual branes are resolved, one finds
This is the same as in the single brane case [14] .
. This is the usual (3 + 1)-dim behavior. So, in the IR, at large distances or low momenta along the brane, a scalar particle effectively propagates in the full (3 + 1)-dim space.
If k << 1/a and k << 1/r 0 (low momenta which can't resolve individual branes nor the dimensional crossover along the brane), one finds
As expected, φ ∼ 1/r in this case.
• On the z = ja brane and (x = 0, y = 0):
. Therefore, the eigenvalue λ 1 is highly suppressed for large k. This means that we do not need to integrate the large k modes, because their contribution disappears very quickly. The only modes surviving in the dk x dk y integration will be the low k modes. We then focus on k << 1/a. If we also require k << 1/r 0 , we get
Here, we replaced ja with z and used an approximation (1 − x) j exp(−jx). After integrating over dk x dk y , we get φ ∼ 1/z in the case. Thus, in the direction perpendicular to the brane, we recover a usual 3 + 1-dim behavior at low momenta.
IV. GRAVITY ON THE STACK OF BRANES
In previous sections we derived the behaviour of the free and sourced scalar field on the stack of branes and saw that it has the desired properties. In this section we take gravity into consideration. The gravitational Lagrangian in our setup with a stack of multiple parallel branes is
Here, R 4 is the (3 + 1)-dim scalar curvature, R j is the (2 + 1)-dim scalar curvature on the z = ja brane, while L j is the matter Lagrangian on the z = ja brane. Matter is constrained on the branes, and it does not have momentum in z-direction.
Gravitational excitations around the flat space are described by
where η µν is the Minkowski metric, while h µν are small perturbations. Greek letters go over all the indices (t, x, y, z). We first consider matter distribution which is localized at the z = 0 brane, and calculate induced gravity it produces. In this case, the energy-momentum tensor can be written as
where the lower case Latin indices go over (t, x, y). We impose the harmonic gauge ∂ ν h µν = 
where G µν is the (3 + 1)-dim Einstein tensor, while G 3 lk is the (2 + 1)-dim Einstein tensor. In the linearized form, these two quantities can be written as
In [14] , it was shown that if T µz = 0, then h µz = 0 is consistent with the gauge condition in the single brane case. This condition is valid in the multibrane case too. Therefore we will set h µz = 0 in our equations. Then Eq. (37) simplifies to
We can now perform the Fourier transform on h µν and T µν as h lk = dp
T lk = dp
where P = (p t , p x , p y ). Here, another energy-momentum tensor T µν is introduced since we want to calculate the gravitational potential of T µν generated by the source T µν (in other words, we want to calculate the gravitational force between two mass distributions). Since in our case both T µν and T µν are localized on the z = ja brane, their energy-momentum conservation to the linear leading order is written as
After multiplying Eq. (42) withT lk , one finds that
This equation is exactly the same as Eq. (8), except for the multiplicative constant −2(T lkT lk −
2T
l lT k k ). Therefore, we can find
Constants A 0 and B 0 could be found from Eq. (22). If for simplicity we take a >> r 0 , after performing an inverse Fourier transform, one finds that the gravitational potential
and V (r) ∼ ln(r) as r << r 0 .
The last two equations indicate that at large distances or low momenta (along the brane), gravity has the (3 + 1)-dim behavior, while at short distances it has the (2 + 1)-dim behavior.
In the z-direction (perpendicular to the brane), large momentum modes k >> 1/a are highly suppressed by a factor exp(−jka). Therefore, the large k modes decay very quickly in the z-direction. Therefore, we consider only k << 1/a modes, for which we get
We emphasis that this result is valid only if matter is localized on the branes, i.e. both matter distributions T and T do not have any component in the z-direction. If matter is allowed to move in z-direction, then h µz is not zero and this result does not apply. However in this case the (3 + 1)-dim universe is no longer described by a stack of (2 + 1)-dim branes with localized matter.
V. CONCLUSION
Motivation for the work presented here is twofold. The first one is an extension of the DGP model to a multibrane case. If we live in a universe (or a (3 + 1)-dim brane) which is itself comprised of a dense stack of parallel branes, then we have two scales: the DGP dimensional crossover scale r 0 and the interbrane separation a. The original DGP setup implies that the interactions will be lower dimensional for high and (3 + 1)-dim for low momenta (i.e. short and large distances), at least along the brane(s). We verified that this is true by explicitly solving the cases of the scalar field and gravity. In addition, we showed that this feature remains true even in the direction perpendicular to the brane(s). At low momenta, when the wavelength of the force mediator is larger than the inter-brane distance and unable to resolve the individual branes, interactions appear to be (3 + 1)-dim. These properties fit very well into the recently proposed "vanishing dimensions" scenario where physics at short scales appears to be lower dimensional, which was another explicit motivation for this work.
In section II we showed that a free scalar field can propagate in the bulk like a traveling wave except that the amplitude is given by a periodic function. In contrast, in section III we considered a static scalar field sourced by the matter on brane and showed that it has the desired dimensional properties as described above.
A caveat that is left in this setup is that for the case of gravitational interactions we assumed that the source (gravitating matter) was localized on the branes and it did not have any momentum in the perpendicular dimension (calculations significantly simplify in this case). We obtained the desired behavior of the interactions, but in a realistic setup, matter fields in IR should be able to propagate in all directions, not only along the branes. We can remedy this situation by allowing matter to move off the brane classically by replacing the terms of the type δ(z)L matter in the Lagrangian (34) with f (t, x, y, z) + δ(z)g(t, x, y, z) which would allow matter to leak into the bulk. However, from the experience with the Randall-Sundrum models [15] [16] [17] , we know that matter would leak to the bulk anyway. The reason is that the wave function for the localized matter does not vanish exactly off the brane. If the next parallel brane is close, then matter could easily propagate from a brane to a brane.
